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ABSTRAQT

The eguation of state of hydrogen gas has been extended above the ex».
parinental renge (3000 atmospheres) to the megabar region. For demsities 0.10 to
.80, the compressed liquid of lennard~Jones and Devonshire has been used; for
donsities 0.30 to 0.50, the Einstein solid has been usod. At the highest den-
sitiss, the ¥y moleculec ioze their rotational degree of freedom.

According to the calculations, Hy zes compressed from 1 atmosphere at
voom bomperature to a density of 0.50 gm/bo dovelops a pressure of about £,5CC,000
atmorpheres; conpressed {rom 1,000 atmospheres to a density of 0.50, it develoyps
5, pressure of 870,000 atmospheres. This density is balow that of the metallio
hvirogen of Wigner end Huntington (0.59) which Bowors predicts would require &
urossure of scven megabars.

The thooretical presaures may be as much as a factor 3 too large. Tho
uneertainties arise due to the difficulty in obtaining the intermolscular inter-
achicng. At the highest densities the transition of the molecules from tho normal

rotabing veriety to non-roteting molecules adis %o the uncertainty.

LB LELD oNcoaseren
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vk RCUATION OF STATE OF HYDROGEN FROM ONE 10 A MILLION ATHOSP?ERES PRESSURE

o s waTawe

The experimental data for the eguation of state of hvdropen only exists
Yoy ﬁreasures up to 3000 atmospheres and temperatures up to 400Y ¢. We have mado
wast we oonsider the most satisfactory extrapolstion of the equation of state to
+he ermitreme cénditions of intereat. The process iz as follows: first, we detar~
sine the intormolecular forces. Then we compute the potential wells in whick the
moiomiles move. From the potential wells it is a simple matter to caloulate the
partition function and hence the thermodynamic oquation of state. Thore are threo
aasentinl difficuities in carrying out this process. 1) At the oxtraordinarily
nigh pressures in which we are interested, ths onergy of interaction of hydrogen
molecwles is so large that it cannot be dsterained aceurstely from a combination
ai $irst und second order guantum mechanical perturbations. 2) The gnergy of
intersotion is a function of the angular orientntion of the molecules and this
lends to hindeved rotation at high densities. 3) Then there is an uncertainty of
w0 entropy units (communal entropy) depending on whether we endow our high dea~
city system with the rigidity of a solid or the flexibility of a liquid.

Af, the highest densities, hydrogen is an Einstein solid. Apparently
“his solid chenges smoothly from & molecular lattice to a metel with increase of
Gensity. We £ind a density of 0.5 gi/emd at . pressure of around one megeber.
fegording to Viigner and Huntingtonl) ths motallic hydrogen will have a density of
.5¢ and Bowers estimates that this requires a pressure of sround sevon magabars.
Pha most likely errors in both our calculations and the theory of metals are in

tha direction of giving the density too low at a givon pressure.

1) B, Wigner and H. B. antlnwton, de. Chemﬂ.Phya., 3, 764 {1935).
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©.  :MTNRMOLECULAR FORCES

is  Intermolecular Forces from Exporimental Second Viriel Coefficients

fapnard~dones/ has stvdied the variation of the second virial coeffis
sasnt: with tempsrature end found that it is consistent with the assumption thet

“he intermolecular potential between two hydrogen molecules is
er) = entg(tq/f)g - S(rm/”‘6]kcal/hole {1)

rare € = -0465 kcal/hole, r is the distanoce betwean the molecules and
oo 5.50 = 10-% om is the seperation for which the energy of interaction is a
aininum. From theoretical considerations, it would seem preferable to express the
onergy of reopulsion as an exponontial rather thsn an inverse power. However, this
has npever been done for hydromen. The inverse ninth power is a somewhat smaller
nower owhan recuired for most molecules. Hydrogen is unusually compreossible be-
asnse of its asymuetry (which means that hydrogen, in rotating. occupies an ab-
noyivally sarge volume and part of the comprecsion is attained through & hindering
ei rotation) znd because it doss not contain any inner.shells.

Henry Eyrings} has developed a rough method for determining ths onorgy
i ipieraction of two diatomic molecules as & combiration of first and second
sraar quantum nechanical peorturbation schemos. His calouwlations for hydrogen were
vepeated using atomic orbitals without screoning constents and a slightly <ifferont
proportionality constent for the snergy of attraction. The caloulations were made

Pav thase four configurations:

%) Powler and Guggenheim, "Statistical Mechanics” (Camb. Press 1939), Chap. VII.

5) Eyring, H., J.4.6.S., 54, s191+114523n IR

.....

APPROVED FGR fustsd RétEA R mﬂﬁﬂm




APPROVED FOR PUBLI C RELEASE

.
(1) =t T, (3) }-Hi

) [« 2 (4) /é:.{

ant the following energies obtained:

TABIE T
= & ga &3 €5
{10=3 cms) (kcal/mole) (kcal/mole) (kcal/mole) (kcal/mole)
2,50 380 2.12 1.24 1.2¢
2.75 1.79 0.98 0.55 0.54
700 (.81 Q.42 0.18 0.18
8325 0033 0013 0002 =0-01
:f} . 5() 0- 10 QO 002 "'0»09 “0009

The absolute values of these energies are probably not correct but it iz clear
that if the hydrogen molecules always approached each other in the most favorable
manner they could come approximately 0.35 2 ecloser to each other. Thus, for non=
roheting molecules we teke the interaction potential to be given by Bg. (1) with
+he exception that the separation for minimum energy is teken to be

=3
T8 gz 3415 x 10 Vom.

Y

$i. EXPBRIMENTAL BQUATION OF STATE DATA AT ROOM TEMPERATURE (300° K)

heming and Shupe’ i) have measured tho density of hydrogen gas at room
iemperatures up %o a pressure of 1000 atmospheres. In ordar to obtain the corres-

vonGing enbtroples, it is convenient to express the equation of state of hydrogon

LTI T TR T T

=) Pewitt, D.M., “8Sigh Prossure }i&ugu hna flgxém'au High Prossure" {0Oxford 1940),
e +6% . .:o eee E:o .5. Ses o R

/iege, 0
G rﬁ*’mf
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in the Beattie~8ridgm&; f;:;;): ) ' -
Pz -”!;'2'-{7 + Bo(l - (b/v)] [1 - (c/v‘rs)] - Ao[l - (a/v}] (2)

riere v 1is the molar volume in liters, P is the pressure in atmosphares, T is
the absolute tempersture, and the constents are: R = .08206, Ay, = 1975,
2 = =.00606, By = .02096, b = =.04359, ¢ = 504. From this it follows that the en-

“ropy is given by the equation:

£ = sg + 1.987E§n(.08206 ) +dn v = (By * 26/13)/%
= Bg(" (1/2)b « of Ts:)/vz + acBoh/(STSVS)] kcal/mole

liere Sg is the entropy of hydrogen gas at one atmosphere pressure neglecting gas
imperfoction (omitting nuclear spin). The values of S‘i have been tabulated®) up

o 6000° K. At 300° X, S? = 31.269 and we obtain the values given in Table 1I.

TABLE YT
T = 300° K
P v
S5M. co/hole koal/hole
K 24,620 31.269
=5 298.8 24:.6858
50 506.8 23.468
75 342.9 22.648
100 261.1 22.062
150 179.3 21.228
200 138.5 20.628
3 97.78 19.783
A00 77.36 19.128
500 65.16 18.6824
800 57.01 i8.201
00 468.81 17.514
1000 . 40.61 16.960

$) Hougen and Watson, " Tndustriarpha‘m;.gzalog:-...;samm,aons‘ (Wiley 1936), p.391.

6) Hirschfelder, MoClure, Cur’c:.s‘wz@ Qa'qqr.", “l'h:rre::cnemn.cal Prope
pollant Gases”, ) D.R. 0. 13.6, p.Sé.

1058 of Fro=-
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i¥3,  FOTENTIAL ENERGY WELLS FOR MOTION OF MYDRCGER MOLECULE

Tha potential energy of an assembly may be estimated in the follewing
menner. Wost types of van der Waal's forces ere sdditive and chort ranged. The
enerigy of interaction of the aasembly with a particular molecule is therefore jush
# sum of the energy of interaction of this molecule with each of its nearest
naighbors. The energy of interaction with the next layer of mclecules is slreody
negligible for the case of hydrogen. lennard~Jones and Devonshire showed thet the
proporiies of a oompressed gas can be determined by placing all of the molecules
2xcewc one in their moan lattice positions and calculating the energy of this one
wwolscule as a function of position. The potential energy wel)l so formed is almost
spherical in shape and it is convenient to asverage out the angular dependence.

Pha onargy of the assembly per molecule, w(R), as a function of R, the distonce of
i:he molecule from its lattice point, is:

i

wik) = 6] @ [/Rz s 82 o 2&R0089]s:1n 6de

~~
R
~—

0
Hare ihe factor 6 .is made up of the number of nearest neighbors, 12 (for soheri-
anl} nhose packing) and 12 {because the energy of interaction of a pair of mole-
culos jpunt be chorged equally to the two molecules). Also, & is the distance ba-

g nearest neighborse The molar volume for hexmgonal close packing is
v o= a% x 107%% x 6.023 x 10°7 x (2)*“/ 2} _ 4259 &5 ec/mole (4)
and 30z density of hydrogen ise

Nz ?.oOlS/V = 4.734/8»5 r;:,m/ce {5)
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i vha energy of interaction between two molecules is gziven by Eq. (1), it is easv

10 show that

w(R) = w(0) + 24 &, (r#/n)® By = 36 ¢ (rv/a)® m, (e)

hare

9. LAz 5(R/a)% + 3(r/e)* + (1/7)(%/a)® -1
A {1 ES (R/ta.)z)7

'.";(0) = 12 efa)

#iz. 1 shows theose potential energy wells for different densities of hydrogen.

wyam the shape of these curves it would appear that the potential energy welis

2onlid be represented by the equetion:
wiz) - w(0) = B _(%/a)"

tievs n and B, wore constants chosen so as to meke the potential correct when R
han such velues that w(R) - w(0) is either around 5 keal/mole or 10 keal/mele.
wor c¢emglities below .30 gm/'c:c, n varies from P to Z2 and for highor dengities n
e anorvornimately 2. The value of 2 for n  is very convenient because it corres=
ponas to the basic assumpbion in the Einstein solid. Similar potential cenergy
wells were obtained for the case of hindered rotation. The values obtained are

given in Table III and also the values of the Einstein 6.

U
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TABLE 111
_Unhindered Rotation Hindered Robation
E) "] B g a B, K
30 | 6.652 | 103¢.4 | ||
32 | 5.439 737.8
24 | a.487 526.3
a6 | 3.73 382.8
.18 | 3.692 540.7
20 | 3.244 398.8
&2 2.803 410.3
26 | 2.713 404.9
b6 | 2.500 414.8
.28 | 2.406 411.7
;.30 | 2 264.4 | 1009 || 2 | 125.2 694
52 | 2 313.6 | 1122 || 2 | 143.9 760
Fose | o2 369.7 | 1243 || 2 1 165.2 830
36 | 2 433.6 | 1s72 || 2 | 188.8 905
58 | 2 505.0 | 1508 [ 2 | 215.6 985
0 | 2 s84.8 | 1651 || 2 | 2¢5.8 | 1070
a2 {2 673.6 | 1sco || 2 | z78.8 | 1188
25 | o2 772.0 | 1957 || 2 } s15.¢ | 128m
46 | 2 880.5 | 2122 || 2 | s55.9 | 1350
{8 | 2 999.1 | 2295 (| 2 | 400.4 | 1431
50 | 2 1128.4 | 2468 || 2 [ 449.1 | 1538
PiLopri Rien L ARTIT
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i¥.  LENHARD-JONES AND DEVONSHIRE EQUATION OF STATE FOR COMPRESSED GAS

Lonnard-Jones and Devonshire showed that the properties of a gas can be
exprossed in terms of the potential wells discussed in the precediny paragraph.
The bolling points, Boyle point, critical peint, etec. a5 well as the properties of
Tiquids can be caloulated mccurately on this basis. It is to be expscted that this
wothod begomes better as the material bucumes more compresased.

“ha free volume, J, is given by the integral:

e j " (/a)? o WENET (/0 = ame® (/B0 D) (0
0

-

% is easy to determine the properties of tho assembly in terms of the free volume.

Tho enuations ere givon in Fowler snd (Quggenheim. If we let

D = 2.50259 [1..07710 ~ (3/n)(logy, B + 2.70182) + logyo ' + (3/) n))] (9)

tha properties of the systom are:

$ =89 + 1.987 [«: foa + (3/m) A T - fn 82.06 T + (3/n) =+ D] keal/mole deg. (1.
Batt dela] - ART 1 D] 3 x 82.06 T8n T 'é(l/n) .
l" R el D i . l )
U6 EA 2.016 [ t Ad/_\] 2.016 3(1/h) atm (.
. O om -028
P2 Bela) 4= : 208 T, E? kcal/mole (2)

~

¢ BINSTEIN SOLIDS

when the matter becomes very dense it bscomes rigid end loses the commane
nd entropy which characterizes the liquid and gassous phases. At densities sbove
050 gm/‘ec we agsume that this communal entropy is lost. The Lennard-Jones snd

Novonsnire comoressed gas thén hecomes an Einstein solid. At the high temperstures

zomsiderad here, tho difference between the Binstein and Debye treatments is negli-

zible. In this "Lheort,' 3 ;E*op'{vr"ci.é’s i3y the mssembly are:
[ o6 ® €
0 .E. :.. o0e 000 :.'
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87 + 0.209 = 11.438 log, T « 13.725 logyy (1 = o8/

. h 2 {33)
* 5,961(8/T) =% *,/(1 - e‘"‘Q/T) keal/mole deg.

a2 «er
poo S8 G8(a) o) g 28|17V atm. (32)

2,016 da an 1 - o~T

1 o QQ/T
% = RS + 6e(a) +.002920 @ {i o2 9 ,] keel/mole (15}
e P e"

¥i. HINDERED ROTATION

% iz convenient to ideslize the hindering of rotation of the molecules
by supposing that there are only two possibilities. If the moleéules rotate they
wobate freely and occupy the large amount of space characterized by their inter-
malecular potential. However, the molecules can completely stop rotating in which
¢ase thov lose the entropy of rotation but gein the advantege of a lower petentiel
snevgy. It is easy to form the equilibrium constent for the ratioc ofg&mﬁmr of
nindored molecules, N, to the number of rotating molecules, N.» The subscript r

¥will refer to rotating end h to hindered.

W = exp %:(» (B, = B.) = (2/2000)(s, - sh))/n‘r] (16}

"he entropy difference dus to the rotation is

T L)
S stevion = AR Spp 2R A0 e (7

This is not the total emtropy difference between the hindered and non=hindered
Zovms since the potentials are different for the two cases.

fio have assumed that the transition from the rotating to the hindered
molecules ooccurs whon Ny = N.. This trahsition occcurs at densities of the order

of 0.25 emfoc when T = 1000° X end at higher densities for higher temperatures.

e o000 o 000 o 0 o
e o e o o 0 [ e
. eeo

e o . o o 0. ‘ ok
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Tieing the Einstein solid energies and entropies, the transition points have been

erlenlated. They are given in Table IV.

TamlE IV
T Derans. Ep Sp Ep 8p gEtranao Stranse
2000 0.320 29.50 16,96 24.30 14,37 26.90 15.66
3000 0.380 48.34 19.04 38.83 15.88 43.59 17.45
4000 0.431 68.85 20.59 5%.31 -16.94 €1.58 18.97
5000 0.474 00.51 21.84 70.43 17.81 80.47 19.83

The transition for T = 1000 occurs at a density below 0.30 and is thus
not in our Bianstein solid.

By

srang. &9 S

trans, Sre respectively (Ep + Ep)/2 and (Sp ~ Shl/g_ They

are the E ond 8 which have been assignred to the transition peints.

VIX. RESULTS OF CALCULATIONS

The calonlsted adiabatics are given in Pig. 2. The curves shown have

besn mada un as follows: Einstein solid for densities 0.30 to 0.50; lennard~dones
and Devonshire compressed ges for densities 0.10 to 0.30; and the last low density
woint for each curve is experimental (Table II).

The rotation hindering transition lowers the pressuro for the low en-
wropy curves at the higher densities. Theese curves have been drawn rather srbi~
vrarily and the actual pressures probably do not change as abruptly as indicated.

Tha centers of the transitions are given in Table IV; the slope of the curve in

this region is not known et all.
SRR A LUMCLASSIFIED
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.. ==~3L§r .
The sprrors 3n the pressurs caloulations are all in the direction to meke

tha caloculated values too high. The actuel pressures may be as much as a faotor 2

>

lower than those given in Pig. 2 in the megabar region.

The pressure isothermals sre given in Fig. 3. The same data are used,
of acurse, in this plot as in the previous one. Again the trensitions for the
hindoring of rotstion are drawn arbitrarily except for position.

Entraples and energies are given in Figs. 4 and 5.

SR
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